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Cn ' Abstract. We begin a study of a pro-p analogue of limit groups via extensions 

of centralizers and call £ this new class of pro-p groups. We show that the pro- 
p groups of C have finite cohomological dimension, type FPoo and non-positive 
Euler characteristic. Among the group theoretic properties it is proved that 

f\l ' they are free-by-(torsion-free poly -procyclic) and if non-abelian do not have a 

finitely generated non-trivial normal subgroup of infinite index. Furthermore 
it is shown that every 2 generated pro-p group in the class C is either free 
pro-p or abelian. 
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1. Introduction 



Abstract limit groups have recently attracted a great deal of attention and played 
a key role in the solution of the famous Tarski problems ([5]-[II], [1I]-[1S])- V. 
Remeslennikov has initiated their study in |16) referring to them as 3-free groups, 
reflecting the fact that these groups have the same existential theory as a free group, 
or w-residually free groups. O. Kharlampovich and A. Myasnikov have studied 
abstract limit groups extensively under the name fully residually free groups, i.e. 
rX , groups G such that for every finite subset X of G there is a free group F together 

^SJ ' with a homomorphism of groups tp : G -^ F whose restriction to X is injective 

(see [7] and [8]). In fact, abstract limit groups G are exactly finitely generated 
f^ ■ fully residually free groups. The most relevant definition for this paper is that 

abstract limit groups are finitely generated subgroups of a group obtained by a finite 
sequence of extensions of centralizers starting with a free group of finite rank, i.e. 
every limit group can be viewed as a finitely generated subgroup of an inductively 
constructed group Bn = Bn-i *c A hy forming a free amalgamated product of 
, . , a group Bn~i and a free finite rank abelian group A with a cyclic amalgamation 

j^ ' G that is self-centralized in i3„-i and the class Bq contains precisely the finitely 

generated free groups. 

The objective of this paper is to begin the study of a pro-p analogue of limit 
groups. We define a class of pro-p groups C as the class that contains the finitely 
generated pro-p subgroups of a sequence of extensions of centralizers performed in 
the category of pro-p groups starting with a finitely generated free pro-p group, see 
Section [3l When the term finitely generated is used for a pro-p group we mean 
of course topologically finitely generated. Note that the geometric approach of Z. 
Sela [2T] is not available in the pro-p case and we do not know whether the class of 
pro-p groups we define contains only fully residually free pro-p groups or contains 
all finitely generated fully residually free pro-p groups. 
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We study the group theoretic structure and the homological properties of a pro-p 
group in L and show that various results that are known for abstract hmit groups 
hold in the pro-p case. For example as shown in Section [S] the pro-p groups from 
the class £ are transitive commutative and the centralizer and the normalizer of 
a closed procyclic subgroup always coincide and are abelian. Furthermore every 
virtually soluble pro-p group from the class L is abelian. We list our main results 
in the following 

Theorem. Let G be a pro-p group from the class C. Then 

(1) G is free-by- (torsion free poly-procyclic); 

(2) G is of finite cohomological dimension; 

(3) G is of type FPoo and has non-positive Euler characteristic; 

(4) // G is non-abelian then G does not have a finitely generated non-trivial 
normal subgroup of infinite index; 

(5) If G is 2-generated then G is either free pro-p or free pro-p abelian. 

In the abstract case the same results hold. The fact that an abstract limit group 
is of type FPoo follows directly from Bass-Serre theory and the abstract case of (4) 
is proved in p]. The properties that abstract limit groups are free- by- (torsion- free 
nilpotent) and of non-positive Euler characteristic were proved in [12] . 

The properties (l)-(3) stated above are proved in different sections of the paper: 
Lemma 13. 1[ Proposition 14. 3[ Corollary 14.41 and Theorem 18.11 The proof of (4) is 
included in Section[Sl see Theorem l6.5l and the proof of (5) is the subject of Section 

m 

We note that the methods traditionally used to prove statements about abstract 
limit groups can not be used in the pro-p case. First observe that an element of 
a pro-p group can not be expressed as a finite word of generators; this eliminates 
the possibility to use combinatorial methods in their original sense. The geomet- 
ric version of combinatorial group theory, namely the Bass-Serre theory of groups 
acting on trees, is also heavily used in the theory of abstract limit groups. The 
profinite, in particular pro-p version of Bass-Serre theory, exists (see for example 
|19) ) but not in full strength. This theory developed by O. Melnikov, L. Ribes and 
P. Zalesskii [T3], [3D], [IT], [5D], [3T] is one of the main tools of our paper. 

We finish the paper with a section of open questions, where we list further 
possible properties of the class C 

2. Preliminaries on pro-p groups acting on trees 

In this section we collect properties of pro-p groups acting on pro-p trees and 
free amalgamated pro-p products that will be used in the proofs later on. Further 
information on this subject can be found in |19j . 

In accordance with [TH] the triple (F, do,di) is a profinite graph, provided, F is a 
boolean space and do,di : F — ;> F are continuous with didj = dj {i,j e {0, 1}). The 
elements in V{T) := do(F)Udi(F) and £'(F) := F\F(F) are called the vertices and 
edges of F respectively, and, for e G E(T), do{e) and di{e) are called the initial and 
terminal vertices of e. Note that do,di are the identity when restricted to V^(F). 
When there is no danger of confusion, we shall simply write F instead of (F, do, di). 

Let {E*, *) = (F/F(F), *) be a pointed profinite quotient space with V(T) as a 
distinguished point. Let ¥p[[E*{T), *]] and Fp[[F(F)]] be free profinite Fp-modules 
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over the pointed profinite space {E*{r),*) and over the profinite space V^(r) (cf. 
[18]). Then we have the foUowing complex of free profinite Fp-modules 

(2.1) -^ ¥p[[E*{r), *]]^Fp[[y(r)]]^Fp -^ o, 

where 6{e) = di{e) - do{e) for aU e e £'*(r) and e{v) = 1 for aU v e V{r). 

The profinite graph F is connected if (|2.1|) is exact in the middle. A connected 
component of F is a maximal profinite subgraph that is connected. The graph F is 
called a pro-p tree if (|2.1|) is exact. We say that a pro-p group G acts on the pro-p 
tree F if it acts continuously on F and the action commutes with do and di . We 
denote by Gt the stabilizer of t € V{T) U E{T) in G. 

Let H, M and S be pro-p groups such that S embeds as a pro-p subgroup of both 
H and M, and let G = iJ Us M be the amalgamated free pro-p product. We say 
that this amalgamated free pro-p product is proper if H and AI embed in G. If the 
above decomposition of G as an amalgamated free pro-p product is proper there is 
a pro-p tree T on which G acts. By definition V{T) — {gH}g^G U {gM}g^G and 
E{G) = {gS}g^G- For e = gS e E(T) we have do(e) = gH and di(e) = gM. Note 
that T /G is just an edge with two vertices. Furthermore if the pro-p group G is 
finitely generated then T is second countable. 

Theorem 2.1. pLZ] Theorem 3.2] ^ free pro-p product with procyclic amalgamation 
is proper. 

Theorem 2.2. [191 Prop. 3.5, Cor. 3.6] Let G be a pro-p group acting on a pro-p 
tree T and N — {{Gv}v£V{T)) ■ Then G/N acts on the pro-p tree T/N and G/N is 
a free pro-p group. 

Lemma 2.3. Let G be a pro-p group acting on a pro-p tree T such that T/G is a 
pro-p tree. Then G — {{Gv}veV{T))- 



Proof Let G = {{G^}vev(T))- By Theorem [gj G/G acts freely on T/G. This 
means that we have a free resolution of ¥p over Fp[[G/G]] 

-^ ¥p[[E*{T/G), *]]^¥p[[V{T/G)]]^¥p -^ 0. 

Tensoring it with (g)j. iiq/qit^p we get the exact sequence (|2.ip for T/G implying 

that Hi{G/G,¥p) = {G/G)/[G/G, G/G]{G/G)p = 0. It follows that G/G is trivial, 
as needed. D 

Theorem 2.4. [191 Thm. 3.18] Let G be a pro-p group acting on a pro-p tree T. 
Then one of the foUowing holds : 

a) G is the stabilizer of a vertex of T ; 

b) G has a free non-abelian pro-p subgroup P such that P n G^, — 1 for every 
vertex v ofT; 

c) There exists an edge eofT whose stabilizer Ge is normal in G and the quotient 
group G/Ge is solvable and isomorphic to the one of the following groups : 1p or 
an infinite dihedral pro-2 group G2 11 G2 . 

The above theorem implies immediately the following result. 

Corollary 2.5. Let G be a torsion pro-p group acting on a pro-p tree. Then G 
fixes a vertex. 
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Theorem 2.6. [15, Thm. 5.6] Let G be a pro-p group acting on a second countable 
(as topological space) pro-p tree T with trivial edge stabilizers. Then G is a free 
pro-p product of some vertex stabilizers Gy and a free pro-p group F. 

Theorem 2.7. |31| Thm. B] Let H = Q He A be a proper amalgamated free pro-p 
product and B be a normal subgroup of A such that B ClC = 1. Let G = {B^)„^u- 
Then G is the free pro-p product of groups B'^ where q runs over a closed set of 
coset representatives for C in Q. 

The above theorem was stated in [3TJ Thm. B] using the language of funda- 
mental groups of profinite graphs of profinite groups, and it was observed that the 
statement holds for pro-C groups, where C is a class of finite groups closed under 
subgroups, quotients and extensions. Note that H acts on the standard pro-p tree 
T associated with the free amalgamated pro-p product. 

Lemma 2.8. Let G be a profinite group acting on a profinite graph S and let 
77ii,TO2 he elements of a connected component G of S. If g Cz G with gmi — m2, 
then g leaves C invariant, i.e. g € StabaiG). In other words the restriction of the 
factorization S — > S/G to G coincides with the factorization C — > G/ StabaiG). 

Proof. Since TO2 G C n gG, G U gG is connected (cf. [HI Exercise 1.9 (i)]), so 
G^gG. D 

3. Definition of PRO-p analogues of limit groups 
VIA extensions of centralizers 

First we define recursively a class of pro-p groups Qn ■ Denote by Qq the class of 
all free pro-p groups of finite rank. Define inductively the class Qn of pro-p groups 
Gn, where G„ is a free pro-p amalgamated product G„_i lie A, where Gn-i is 
any group from the class Gn-i, G is any self-centralized procyclic pro-p subgroup 
of Gn-i, A is any finite rank free abelian pro-p group such that G is a direct 
summand of A. In Lemma lS.ll we will show that every G„ is torsion- free. 

Definition. The class of pro-p groups C consists of all finitely generated pro-p 
subgroups H of some G„ S Gn where n > 0. If n is minimal one with the above 
properties we say that H has weight n. 

Examples. Note that all Demushkin pro-p groups H with the invariant q = oo 
have pro-p presentation (xi, . . . ,Xd \ [xi,X2\ . ■ . [xd-i,Xd\) where d is even. Write 
Hd for the above group. If d = 2 then H2 is a free abelian pro-p group of finite 
rank, so a pro-p group of the class C. 

Suppose that d is divisable by 4 and define -Fi as the free pro-p group with basis 
xi, . . . , Xdi2 and -F2 the free pro-p group with basis Xdi2+ii • • ■ j ^d- Let Gi be the 
procyclic subgroup of Fi generated by zi = [xi, ^2] . . . [xd/2-iTXd/2\ and G2 be the 
procyclic subgroup of F2 generated by Z2 = [2:^/2+1, 2:^/2+2] ■ • ■ [xd-i,Xd]. Then 
H c^ Fi Uci~C2 -^2 where the isomorphism between Gi and G2 sends zi to Z2 ■ 
Note that there is an isomorphism between Fi and F2 that identifies Gi and G2 
i.e. xi,X2, ■ . ■ ,Xd/2 go to Xd,Xd-i, . ■ . ,Xd/2+i- Thus H ~ Flic P where F is a free 
pro-p group of rank d/2 and G is a selfcentralized procyclic subgroup of F. Note 
that FT ~ F He F embeds in T = F Wq A, where yl ~ Z^ with A/G ~ (a), since 
F lie F ~ F Uc F°- is the pro-p subgroup of T generated by F and F°-. Thus H is 
a pro-p group of the class L. 
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Lemma 3.1. The groups Gn G Qn are always of finite cohomological dimension. 
In particular every pro-p group from the class C has finite cohomological dimension 
and so is torsion free. 

Proof. We induct on n, the case n = is obvious. Suppose n > 1. Since G„_i, A 
and C all have finite cohomological dimensions, we have that for sufficiently large 
i, i > io say, all cohomology groups iJ'(G„_i,Fp), H'^{A,¥p) and i/''(C, Fp) are 
zero. By Theorem l2. li the free pro-p product G„ — G„_i lie A is proper and hence 
there is corresponding long exact sequence in homology and cohomology. Then 
i/*+^(G„,Fp) = for i > io and so by [T51 Cor. 7.1.6] G„ has finite cohomological 
dimension. D 

4. Free-by- (torsion free poly-procyclic) pro-p groups 

In this section we prove some properties of the pro-p groups of the class C that 
are known to hold for abstract limit groups. The facts that abstract limit groups 
are free- by- (torsion- free nilpotent) and the Euler characteristic is non-positive were 
proved in [12] . The fact that abstract limit groups are of type FPqo follows directly 
from Bass-Serre theory but this theory does not hold for pro-p groups in general. 
So we find an alternative way of proving that the pro-p groups of the class C are of 
type FP^. 

The next lemma is valid for free pro-p products of free abelian pro-p groups 
that can be expressed as an inverse limit of free pro-p products of finitely many 
free abelian pro-p groups. This is true for example for free pro-p products M = 
Uivew ^^ ^^ pro-p groups M^ indexed locally constantly by a profinite space W 
introduced in [3] (see Proposition 2.1 there). This means that VF is a finite union 
of clopen subsets Wa such that A/„ = M^ for w, w £ Wa. 

Lemma 4.1. Let M he a locally constant free pro-p product 

where W is a profinite space and every M^ is a finite rank free abelian pro-p group. 
Then the quotients of the lower central series of M are torsion-free. 

Proof. It suffices to prove the lemma for W finite and then take inverse limit. For 
W finite we use the pro-p version of Magnus embedding proved by Lazard |13j . Let 
Yu, be a basis of M^ as a free abelian pro-p group and X^, be a set of the same 
cardinality as F^,. Set X as the disjoint union UwewXw and consider the ring of 
non-commutative formal power series R = ZpHX]]. The closed group generated by 
y = {1 + x}x(£X is a free pro-p group with a basis Y. 

Let / be the closed two sided ideal of R generated by {xiXj — XjXi \ Xi,Xj S 
Xw,w G W} and set S = R/I. Then the closed group T generated by the image of 
y in 5 is isomorphic to M (see Theorem 5.9a in [10] )• Consider the closed two-sided 
ideal J oi S generated by the image of the elements of X in S. Then the {i — l)-th 
quotient of the lower central series of M is isomorphic to ((T — 1) n J*~^)/((T — 
1) n J'). Note that ((T - 1) n J'-^)/{{T - 1) n J') embeds in the free Zp-module 
r-^/J\ so ((T - 1) n J'-^)/{{T - 1) n JO is torsion-free. D 

We do not know whether every G„ G Gn is residually torsion-free nilpotent pro-p 
though abstract limit group are residually torsion- free nilpotent [T^j. Still we can 
prove that G„ is residually torsion-free poly-procyclic. 
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Theorem 4.2. Every Gn G Qn is an inverse limit of torsion-free poly-procyclic 
groups and so is residually torsion-free poly-procyclic. 

Proof. We use induction on n. Note that Go is a free pro-p group of finite rank, 
hence residually torsion-free nilpotent pro-p. 

Suppose now that G„ = G„_i lie ^, C ~ Zp,A = C x B c^ Z™ and G„_i 
is residually torsion-free poly-procyclic. Then the intersection of the kernels of 
all maps G„_i lie A —^ Q lie A, whose restriction to Gn-i is a projection to a 
poly-procyclic torsion-free group Q and whose restriction to B is the identity map, 
is trivial. To see this let ip : G„_i — > Ili^i Pi be an embedding of G„_i in a 
direct product of poly-procyclic pro-p groups. Denote by ipk '■ G„_i — ?► ni=i -Pj 
the composite of V' with the projection Y[i=i Pi — ^ Y\i=i Pi ^^^ P'^t i^kiGn-i) ~ 
Qk- Then G„_i is the inverse limit of the groups Qk and hence the (descending) 
intersection p| Bk (that can be viewed as the inverse limit) of kernels Bk of V'fc is 
trivial. The kernel Nk of the map G„_i He A — >■ Qk Uc A is exactly (i?f ) ^q and 
so by Theorem 12.71 it is the free pro-p product of groups -B^ where q runs over a 
closed set of coset representatives for C in A. But the inverse limit of the groups 
Bk is trivial, hence so is the inverse limit of the groups Nk. 

Thus it remains to show that a proper amalgamated product H = QHc A, where 
Q is torsion-free poly-procyclic, the image of G in Q is infinite (and so identified with 
G ~ Zp) and G is a direct summand of A, is residually torsion-free poly-procyclic. 

Let : H = Q lie A ^ Q he the homomorphism that is the identity map on 
Q and the projection of ^ to G with kernel B. Then the kernel of 9 is the normal 
closure of -B = ker{e) r\AinH. Since ker{e) n Q^ = (fcer (6*) nQ)^ = 1 by Theorem 
I2.7l fcer(6>) is a free pro-p product of B^ over some closed subset S of representatives 
of the coset classes of Q/C . Let C/ be a normal open subgroup of Q and jiu be 
the homomorphism from ker{9) to the free pro-p product Vu = IJ„go/[/e P^ that 
identifies the copies of B^ when g represent the same element in the image of S in 
Q/U . Then r\ker{iJLu) = 1 and it suffices to produce a filtration of characteristic 
subgroups of Vu with torsion-free finitely generated abelian quotients. By Lemma 
14.11 the lower central series of Vu has this property. D 

Proposition 4.3. Every pro-p group from the class C is free-by- (torsion free poly- 
procyclic). 

Proof. It suffices to prove the proposition for G„ G Qn, by induction on n. The 
case when n = is obvious, so we assume that n ^ 0. Suppose the statement 
is true for any group G Qn-i- Suppose there is a counterexample G Qn and let 
Gn = G„_i lie A be one with the minimal number of generators d{Gn). Let T be a 
complement of G ~ Zp in A ~ Z™, so T ~ Z™^^. Let 13 ~ Zp be a direct summand 
of T, i.e. T = B X D (with B possibly the trivial group) and G„ be the quotient 
of G„ by the normal closure of D. Then G„ ~ G„_i Be Z^"~i. By Theorem O 
G„ — lim Qi is an inverse limit of torsion- free poly-procyclic pro-p groups. Thus 

for certain i the restriction to G of the projection G„ — > Qi is injective. Denote 
by if the canonical map G„ — > Qi. By the induction hypothesis and the minimality 
assumption on d{Gn) there is an epimorphism /i : G„ — > P to a poly-procycHc 
group P with the free kernel. Thus putting Q to be the quotient of G„ modulo 
Ker{iJ,) n Ker{ip) we have an epimorphism 77 : G„ — > Q with free kernel whose 
restriction to G is injective. 
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Let 6 : Gn —5- Gn — s- Q be the composition of 77 and the natural epimorphism 
V : Gn -^ Gn and let K be its kernel. Since K D C ^ I, hy Theorem 12.61 i^ is the 
free pro-p product of some conjugates of isT n Gn-i, K n A and a free pro-p group 
F. But the restriction of h' to Gn-i lip B is injective and so K C] {Gn-i lip B) is 
naturally isomorphic to the kernel of r/, which is free pro-p. So the kernel of 0|g„_i 
is free since it is a subgroup of _ftr n (G„_i lie B). Furthermore, the intersection 
if n A is at most procyclic. Thus K is free pro-p. D 

Corollary 4.4. Every pro-p group G from the class C is of type FPoo . In particular, 
G is finitely presented. 

Proof. Let TV be a closed normal subgroup of G such that Q — G/N is a torsion- 
free poly-procyclic pro-p group, in particular is of finite rank, and A^ is a free pro-p 
group. Then by fS", Thm. A] G is of type FPm if and only if ffi(iV,Fp) is finitely 
generated as a Fp[[(3]]-module for every i < m. Since G is of type FPi (i.e. finitely 
generated as a pro-p group) Hi{N,¥p) is finitely generated as a Fp[[Q]]-module. 
Since A'' is free pro-p we have that Hi{N, ¥p) = for i > 2. Thus G is of type FPm 
for every m. D 

Corollary 4.5. Every non-trivial pro-p group G from the class C has infinite 
abelianization. 

Proof. By Proposition 14.31 G* is residually torsion- free poly-procyclic. Any torsion- 
free poly-procyclic group has infinite abelianization. The result follows. D 

5. NORMALIZERS AND CENTRALIZERS 

Theorem 5.1. Let G be a pro-p group from the class C. Then for any g E G\ {1} 

Nciig)) ~ ^oiig)) is a free abelian pro-p group of finite rank. 

Proof. Note that it is sufficient to consider the case G = Gn ^ Q. We argue by 
induction on n. 

I. Suppose first that n = 0. Note that every closed subgroup of a free pro-p group 
is free pro-p [HI Cor. 7.7.5]. Therefore N = Nco{{g)) is free pro-p and by [18l 
Proposition 8.6.3] the rank of N is not bigger than the rank of {g) so that N ~ Zp, 
in particular N is abelian. Thus N C Gaoiig)), hence CGgiig}) — ^Goiid)) — "^p 
as required. 

II. Suppose now that n > and that the theorem holds for G„-i. Thus G = 
Gn-i Uc A, where C ^ Zp, A ^ Z'" and C is a direct factor of A. Suppose first 

that NgAW + Cg^M) and choose t G iVcJIff)) \ Cg^M)- Thus 5* - 5^ for 
some A G Zp \ (1 UpZp). Put M = {t,g) and observe that it is solvable but not 
abelian. 

Since G„ splits as a proper free pro-p product with amalgamation, G„ acts on 
the canonical pro-p tree from Section [2] and M acts on the same pro-p tree by 
restriction. By Theorem 12.41 either M = My i.e. M is contained in the stabilizer 
G„ of a vertex or there is a stabilizer of an edge Mg such that Mg is a normal 
subgroup of M and either M/Me ~ Zp or M/Me ~ G2 11 G2 (in this case p = 2). If 
M = My we may assume that M is a subgroup of G„_i or Z™ and so by induction 
hypothesis M is abelian, a contradiction. 
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Let US consider the latter case. By conjugating Me if necessary we may assume 
that Me is in C. Since Me is cychc, by [20l Corollary 2.7] 

(5.1) NaiMe) = NG„_AMe) Uc iVA(Me) = CUcA^A 

and so M < NdMe) = ^ is abelian, a contradiction with M solvable but not 
abelian. Thus we have proved that 

NgAW^CgM)- 

III. Finally it remains to show that Cg„ (g) is a finitely generated abelian pro-p 
group. By |19[ Lemma 3.11] there is a minimal pro-p subtree Ti on which Cc^ig) 
acts. If Ti is just one vertex, CG„{g) is conjugate to a subgroup of either Gn-i or 
A and so we deduce the result from the induction hypothesis. 

Suppose |Ti| > 1. Denote by K the kernel of the action of Cc^ig) on Ti. Then 
if is a subgroup of every edge stabilizer of the action of Cc^ig) on Ti, but any 
edge stabilizer is procyclic. In particular K is procyclic. 

There are two cases. First ii g € K then g is in the stabilizer Ge of an edge and 
this case can be resolved by applying (|5.1I) . li g ^ K note that CG„{g)/K acts on 
Ti/K faithfully irreducibly and so by [121 Lemma 3.16 (b)] CG^{g)/K is free pio-p 
containing a procyclic non-trivial normal subgroup {g)K/K, hence procyclic (cf. 
[T51 Proposition 8.6.3]). Then Cc^ig) is procyclic-by-procyclic, which corresponds 
exactly to the case treated in II; indeed, in II it was shown that the procyclic-by- 
procyclic group M is always abelian. D 

Corollary 5.2. The group G„ is transitive commutative i.e. if [(7,/i] = 1 = [/i,t] 
for some non-trivial elements g,h,t of Gn then [g,t] = 1. 

Proof. Note that g,t & CG„{h) and CG„{h) is abelian by Theorem 15. II D 

Corollary 5.3. If G is a non-abelian pro-p group from the class C then its center 
is trivial. 

Proof. If (71,32 G G and h £ Z{G) \ {1} then [h,gi] = [h,g2] = 1 and by transitive 
commutativity [(71,(72] = 1 i-e. G is abelian, a contradiction. D 

Corollary 5.4. Every virtually abelian pro-p group G from the class C is abelian. 

Proof. Let H he a maximal abelian subgroup of G. li G ^ H then take g ^ G\H 
and note that for some to > 1 we have 5™ G ii \ {1}. Then [(7,(7™] = 1 = [g'"'',H] 
and by transitive commutativity [g, H] = 1 i.e. {H, g) is an abelian subgroup of G, 
a contradiction with the maximality of H . D 

Corollary 5.5. Every soluble pro-p group H from the class C is abelian. If H is 
an abelian non-procyclic subgroup of Gn — G„_i lie A then H is conjugate in G„ 
to a subgroup of Gn-i or to a subgroup of A. 

Proof. Let T be the canonical pro-p tree on which G„ acts (see Section [2). Then 
by Theorem 12.41 from the preliminaries either H stabilizes a vertex or there is an 
edge e such that H/He is either Zp or G2 U G2 . 

In the first case H is either conjugate to a subgroup of Gn-i or 7J is a subgroup 
of an abelian vertex stabilizer. Using induction on n in both cases H is abelian. 

Suppose that H/He — Zp. If iJg = 1 there is nothing to prove, so we can assume 
that He ^ 1. Since He is procyclic we conclude that He — Zp. By Theorem 15.11 
Na^iHe) is abelian. But H C Nc^iHe) so H is abelian. Moreover, substituting in 



ON PRO-p ANALOGUES OF LIMIT GROUPS VIA EXTENSIONS OF CENTRALIZERS 9 



()5.ip AI with H and conjugating He if necessary to have iJe C C we get that H is 
conjugate to a subgroup of an abehan vertex group. 

Suppose that H/He ~ C2 11 C2. li He = 1 then C2 11 C2 embeds in H but 
by Lemma 13.11 H is torsion free, a contradiction, li He ^ 1 then He — Z2 and 
H = NniHe). By Theorem OA^hI^g) is abehan and hence H/He :i; C2 H C2 is 
abehan, a contradiction. D 

6. Finitely generated normal subgroups 

Lemma 6.1. Let G be a pro-p group with a lower central series with torsion-free 
quotients and if G Aut(G) be an automorphism of finite order that acts trivially on 
the abelianization G/[G^G\. Then Lp is trivial. 

Proof. The proof is similar to the proofs of }181 Thm. 4.5.6], [Ml Lemma, p. 323] 
where the case of a finite rank free pro-p group G is considered. 

Let 7i (G) be the «th term of the lower central series of G. We prove by induction 
on i that ip acts trivially on G/ji{G). Suppose we know that ip{g) = gm for some 
g £ G,m ^ ^i[G). We aim to show that m S 7^+1 (G). Note that since ^p acts 
trivially on G/72(G) we have that ip acts trivially on 7i(G)/7i+i(G). Let k be the 
order of tp. Then g = ip''{g) — gmtp{m)(p'^{m) . . .(p''~^{m) € gm^^i^i{G). Then 
the image of m in 7i(G)/7i+i(G) has finite order. Finally since 7i(G)/7i+i(G) is 
torsion- free we get that m G 7^+1 (G), as required. D 

Theorem 6.2. Let H be a pro-p group acting on a pro-p tree T with a finitely 
generated normal pro-p subgroup L such that H/L ~ Zp. Then there is an open 
subgroup Hi of H containing L such that Hi/L ~ (L/L) x Zp, where L = {Ly)^^y 
and V is the vertex set of T . 

Proof. Without loss of generality we can assume that L ^ L otherwise there is 
nothing to prove. Let U be an open subgroup of H such that L C U. Set U = 
{Uv)y^v ^y Theorem l2.2l the group H/U acts on the pro-p tree T/U and since U/U 
acts freely, U/U is a free pro-p group of finite rank. Let Vu be the maximal subgroup 
of H such that U (^Vu and Vu /U is a free pro-p group. Then H/U = {Vu /U) x G^, 
where [H : Vu] = d and Cd denotes the cyclic group of order d. Define V = f^uVu■ 

Claim. V = L. 

Proof of the Claim. Assume that V ^ L. Then V is an open subgroup 
of H and Vu = V for infinitely many U such that flC/ = L. Consider the normal 
subgroup LU/U of the free pro-p group V/U, where V/U has rank at most d{L)-\-l. 
Note that LU/U is finitely generated and normal in a finitely generated free pro- 
p group. By [HI Proposition 8.6.13] either LU/U is trivial or of finite index in 
V/U. In the first case L C U, so L C nU — L, a contradiction. Then we can 
assume that LU/U has finite index in V/U, say mu and by Schreier's formula 
d{LU/U) - 1 = mu{d(y/U) - 1). 

Suppose that d{V/U) / 1. Then d{L) - 1 > d{LU/U) - 1 = mu{diV/U) - 1) > 
mu. Thus mu is bounded from above and so [H : LU] = [H : V][V : LU] — [H : 
V]mu < [H : V]{d(L) — 1) < 00. The intersection of LU over U is LL = L and on 
the other hand LU has bounded index in H and H/L ~ Zp, a contradiction. 



10 D. H. KOCHLOUKOVA, P. A. ZALESSKII 

Finally it remains to consider the case when d{V/U) — 1. Consider a sequence of 
open subgroups [/i D [/2 D . . . I) riiUi — L such that Vu^ = V, d{V/Ui) = 1. Since 
V/Ui ~ Zp is a quotient of V/Ui+i ~ Zj, we deduce that Ui+i = Ui. Note that L 
is the intersection of UiS i.e. L = DiUi = Ui . Thus L = Ui Q L C Ui. Note that 
Ui/Ui is a subgroup of V/Ui ~ Zp, so either Ui/Ui is trivial or is Zp. In the first 
case L — L, a, contradiction and in the second case Ui/L is a proper quotient of 
Ui/Ui ~ Zp (remember L ^ L), so C/i/L is finite and a subgroup of i//L ~ Zp, so 
Ui — L, a contradiction with Ui an open subgroup of H. This completes the proof 
of the claim. 

Let us fix one U as above i.e. U is an open subgroup of H that contains L and 
write Fjj = Vu/U. Furthermore we can choose U such that s = [H : Vu] > 1 
and write Mu — H/U — Fjj x Cs- Note that H acts by conjugation on the 
abehanization Fu/[Fu, Fu] ~ Zp^^"\ where d{Fu) < d{Vu) < d{L) + 1. This gives 
a homomorphism 

such that Vu C Ker{(pu). Note that for a fixed d there is an upper bound to the 
order of finite cyclic subgroups of GLd(Zp). Indeed by [21 Thm 5.2] the first princi- 
pal congruence subgroup for p odd and the second principal congruence subgroup 
for p — 2 is uniform and therefore is torsion-free. Thus [H : Ker(ipij)] is bounded 
by some number depending on d[Fu). 

Since d{Fu) is bounded by d{L) + 1, the index [H : Ker{'fu)\ is bounded by a 
number depending on d{L) as well, so there is some subgroup of finite index Hi in 
H containing L and such that Hi C Ker{(pu) for every U. 

By Lemma |6 . 1 1 everv automorphism of finite order of Fjj that induces the identity 
map on Fu/[Fu,Fu] is identity. Then for an open subgroup U such that Vu C Hi 
we have Hi/U = {Vu/Ul x (Hi/Vu) = (Vu/U) x (Hi/Vu), so either Hi/U is 
abelian, in this case Vu/U is procyclic, or Hi/U is non-abelian and the copy of 
Hi/Vu is the center of Hi/U, in this case Vu/U is a non-procyclic free pro-p. By 
taking the inverse limit over U we get 

Hi/L = (L/L) X (Hi/L) ~ (L/L) x (i/i/L), 

where i/i/L ~ Zp. D 

Lemma 6.3. Lei H be a pro-p group acting on a second countable pro-p tree T with 
procyclic edge stabilizers and finite rank free abelian pro-p vertex groups. Let L he 
a finitely generated normal closed subgroup of H such that H / L = Zp and He = Le 
for every edge e G E(T). Assume further that there is a decomposition H = Lyt Zp, 
where 'Lp has a generator g that fixes an edge of T and such that for every vertex 
V of the tree T we have Hy = Ly x {gly ) for some ly ^ L = {Lv)yfzv(T\- Then g 
commutes with L. 

Proof. Note that Le = He and H^ procyclic implies that Le = 1 for every edge e 
of T. Then by Theorem [Ml 



L ~ Lo n {L/L) and Lq == ]J L„, 

vGVo 

where Vq is a subset of the vertex set V and L is the normal closure of Lq in L. 
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Note that Vq is finite since L is finitely generated. It follows from the pio-p 
version of the Kurosh Subgroup Theorem p3] that 

i= U II ^-= II ^'" 

veVo w ugVi 

where w runs over closed set of representatives of the orbit Lv and Vi is a closed 
subset of V . In particular, this is a locally constant free pro-p product. 

Observe that He — Le for every edge e implies Hv — Lv for every vertex v. 
Recall that by assumption H^ is abelian and for every v lE V and for m G L.^ we 
have m^ = ?n'" for some ly G L. This implies the following 

Claim 1. The action of g via conjugation on L°'' = H^ey ^v is trivial. 

Let M = {L,g) — L xi (g) and U be the closed subgroup of H generated by 

{gP')^'. 

Claim 2. L^ n C/ = 1 for every v eVi,h e M. 



Indeed Ly CiU C U Ci L ^ [gP" ,L] and L = U^gVi ^v- Since _L„ survives in the 
abelianization of L and by Claim 1 the group U acts trivially on the abelianization 
of L we get that [gP° ,L]nLy — l. This completes the proof of the claim. 

In the rest of the proof overlining means image in the quotient group M/U and 
should not be confused with the closure. Consider the group M = M/U and the 

image L = L/{U D L) of L in M. Since U is generated by stabilizers of edges 
(hence of vertices) M acts on the pro-p tree T/U (cf. Theorem 12. 2|) with vertex 

stabilizers Lyll/U ~ L^. As before L intersects edge stabilizers trivially and since 

L is generated by vertex stabilizers the same holds for L. Hence 

i= II I» 

where L^, are some pairwise not conjugated vertex groups of L. Then by Claim 2 
Lyj ~ Ly for some vertex group Ly of L. 

Write g for the image of g in M. Then by Claim 1 

(6.1) g acts trivially (via conjugation) on the abelianization of L. 

Recall that every Ly is a finite rank free abelian group. Note that {U D L) is 

contained in the kernel of the natural epimorphism L — > Wyav ^^ restricted to L 

and so we have a natural epimorphism Utoew ^w — > Wyev ^i"' ^^ ^^^ ^^^^ pro-p 
product 

i= II L» 

wew 

is also locally constant. Then L has torsion- free abelianization and by Lemma |4T] 
L has a torsion-free lower central series. Then since g has finite order we deduce 
from Lemma [6.11 that 'g acts trivially on L. Taking an inverse limit over U (i.e. s 
goes to infinity) we get that g acts trivially on L as required. D 
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Lemma 6.4. Let H be a pro-p group from the class C with a finitely generated 
normal pro-p subgroup L such that H / L ~ Zp. Then H is abelian. 

Proof. Let _ff = L XI Zp be a non-abelian pro-p group from the class C such that L 
is finitely generated as a pro-p group. Let n be the smallest non-negative integer 
such that H C Gn G Qn i-e. n is the weight of H . We can assume that our 
counterexample H is minimal in the sense that (n, d(G„)) is smallest possible with 
respect to the lexicographic order, where d(G„) is the minimal number of generators 
ofG„. 

The group G„ acts on a second countable pro-p tree S with procyclic edge 
stabilizers. By [I9l Lemma 3.11] H acts irreducibly on a pro-p subtree T of S* with 
procyclic edge stabilizers. Let L = {Lv)^^v(t)- 

Claim 1. We claim that H acts faithfully on T. 

Proof. Indeed if the action of i? on T is not faithful since the edge stabilizers are 
procyclic we get that the kernel of the action is iiT ~ Zp. Then for any h € H\K 
the closed subgroup of H generated by K and h is metabelian. But any soluble 
pro-p group from the class C is abelian, see Corollary 15.51 Thus K C Z{H), a 
contradiction to Corollary 15.31 

This way we can assume from now on that H acts faithfully on T. By Theorem 
16.21 there is an open subgroup Hi of H containing L such that 

Hi/L ~ (L/L) X M where M ~ Zp. 

Claim 2. The group Hi acts irreducibly on T. 

Proof. By Claim 1 H acts faithfully irreducibly on T. Since Hi is non-trivial, 
by [m Prop. 3.14] Hi acts irreducibly on T. The claim is proved. 



By CoroUarv 15 .41 everv virtually abelian pro-p group from the class C is abelian, 
so Hi is not abelian. Then without loss of generality we can assume that H ~ Hi. 

The pro-p group H/L acts on T/L and by [191 Lemma 3.11] contains a minimal 
H/L invariant subtree Ti i.e. H/L acts irreducibly on the pro-p tree Ti. 

Let N be the kernel of the action of H/L on Ti and so the quotient group 
B ~ {H/L)/N acts irreducibly and faithfully on Ti. By [1^1 Lemma 3.16] every 
non-trivial abelian normal subgroup ^ of _B is isomorphic to Zp and Cb{A) is a 
free pro-p group, hence procyclic. Let A be the image of M in B. If A is trivial we 
get that M acts trivially on Ti. 

Suppose that A is non-trivial. Then ^ ~ Zp ~ S. On the other hand L/L 
acts freely on Ti, so {L/L) r\ N — 1. Then the image of L/L in B ^ Zp is 
isomorphic to L/L, so L/L is either trivial or Zp. It follows that either H/L ~ iZ 
or H/L ^ M ^ Zp and L — L. In the first case since B ~ Zp by changing M with 
another copy of Zp inside H/L we can reduce to the case when M C N. Note that 
we have proved that 

either M acts trivially on Ti or L — L. 

Case 1. Suppose that L ^ L and M acts trivially on Ti. Let G be a connected 
component of the full preimage ^i of Ti in T. 
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Claim 3. The (set-wise) stabilizers H2 ■= StabH{C) and L2 ■— StabL{C) of C 
are finitely generated. 

Proof. Note that ^i is i/-invariant and that C coincides with a connected com- 
ponent of the full preimage of Ti/{H/L) C T/H in T. Indeed, if C is contained 
properly in a connected component Co of the full preimage of Ti/{H/L) in T then 
the image of Co in T/L contains Ti properly contradicting that the image of Co is 
Ti/(H/L). Similarly C coincides with a connected component of the full preimage 
of Ti/{H/L) = Ti/{L/L) C T/L in T. 

Let U be an open normal subgroup of H and V — UOL. Then L/V has bounded 
edge stabilizers. Let T,{V) denote the set of all finite subgroups K j^ 1 oi L/V . 
Since L/V is finitely generated having open free subgroup V/V , by [U Lemma 8] 
there is a finite subset S of Y.{V) with I](V^) = {K^ \ K e S, g e L/V}. Therefore 
the subset T^(v) ■= {m £ T/V \3L eT,,m e (T/V)^}, which is the union of all 
subtrees of fixed points (T/V)^ for subgroups K e S(F) can be represented in 
the form T's(y) = ULes(-^/^)^-^/^ ^^'^ ^^ hence a closed iJ-invariant subgraph 
of T/V. Therefore by 32, Prop., p. 486], the quotient graph D{V) obtained by 
collapsing each connected component of Ts(y) to a vertex is simply connected and 
hence is a pro-p tree on which L/V acts with trivial edge stabilizers. 

Since M acts trivially on Ti we have Le = 1 for every e G C. Indeed for every 
e G E{C) we have 5*06 C Le C Le where 5*0 is a procyclic subgroup of H that maps 
surjectively to M by the canonical map H — )■ H/L. Then He = {L>i So)e = Le and 
so He/Lg ~ Zp for every e G E{C). Since H,, is procyclic L^ = 1 for all e G E{C). 
But by Lemma F2.8l ffp = {H2)e for every e G E{C), so i n if 2 is of infinite index 
inif2 i.e. il2/(iniJ2)=iZp. 

Put L2V = L2/{L2 n V'). Denote by Cy the image of C in T/F. Since L^ = I 
for all e G E{C) we obtain that (i/l/)e = 1 for all e G E{Cv)- Then by Theorem 
12.61 applied for L2V acting on the pro-p tree Cy 

L2V^{]\{L/VU]l{L/L) 

for some W^ C V{Cv), where we used that 

{L2v)v = {L/V)y and L/L = L2V/E2V. 

Indeed for every w G C one has L„ — (L2)v since L2 is the stabilizer of the connected 
component C, taking the images of these stabilizers in T/V one gets the first 
equality. For the second equality note that the definition of L2 implies that L = L2L 
and by the definition of C the canonical map T — > T/L sends C surjectively to Ti. 
By Lemma 12.81 Ti = C /{H2 n L) and since Ti is a pro-p tree, by Lemma 12.31 

Ln L2 = Ln H2 = Ln H2 = L2, where L2 is the closed subgroup oi L2 = L Ci H2 
generated by stabilizers of vertices in C. Then 

L/L = {L2L)/L ^ L2/{L2 n L) = L2/L2. 

Let G ^ L2V n L/V = {L2V n L)/V = {L2 n L)V/V^ EiV^/V. Since Ti = 
Cv /{L2V n L/V) is a pro-p tree we get that C = G, so L2V ~ L2V/V. Then 

L2V/L^ = {L2V/V)/{Z2V/V) = L2/L'2. 
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Observe furthermore that W can be chosen any d{Cv /L2v) where S : Cv / L2V ^■ 
Cv is a continious section of the canonical projection Cv -^ Cv / L2v- 

Note that the collapsing of the connected components of Tj^(y) does not affect 
C\/, i.e. we can denote by the same letter the isomorphic image of it in D(y). Thus 
we have the following commutative diagram 



Cv 



Ti = Cvl{L2V/V) 



Cv/L2v = C/L2 = Ti/iL/L) 



■T/V- 



■T/L- 



D{V) 



-^D{V)/{L/V) 



■ T/L = {T/V)/L/V D{V)/{L/V) 



where all composite maps from left to right are injections (the lower one follows 
from the middle one). Then by Theorem ^Hl applied for the action of L/V on DiV) 



LIV={]\ (L/V),) H {L/V\, 1[{L/L) = ( H [L/V),) E L^y, 



veVa 



vew 



veVa 



where W [JVq = ii{D{V)/{L/V)) with n : D{V)/{L/V) -^ D{V) to be an exten- 
sion of 5 to a continuous section of the projection D{V) — > D{V)/{L/V) (see [TSl 
Exer. 5.6.8]). It follows that the number of generators of L2V does not exceed the 
number of generators of L/V for every V and so the number of generators of L2 
does not exceed the number of generators of L. 

Since H2/L2 is procyclic, H2 is finitely generated as well. 

Finally we observe that by going down to a subgroup of finite index of H if 
necessary we can assume that H2 is not abelian. Indeed if H2 is abelian since 
H2L = H we get that H/L — [L/L) x M is abelian, so L/L = Zp. Since L is 
not soluble (see Corollary 15. 5p by Theorem 12.41 there is a free non-abelian pio-p 
subgroup F oi L acting freely on T. Since F = F/F is the inverse limit of K/K 
where K runs through the open subgroups of L that contain F we get that for some 
K the free pro-p group K/K is not procyclic. Then by substituting L with K if 
necessary we get the desired property. This completes the proof of the claim. 



Since M fixes all edges of Ti for every e £ E{C) we have 6*06 C Le C Le where 
Sq is a procyclic subgroup of H that maps surjectively to M by the canonical map 
H -^ H/L. Then He ^ {L yi So)e ^ Le and so He/Le ~ Zp for every e e E{C). 
Since He is procyclic Le — 1 for all e £ E{C). But by Lemma [2.81 i?^ — {H2)e for 
every e G E{C), so LD H2 is of infinite index in H2 i.e. H2/{L D H2) — Ip- 

By the definition of C the canonical map T — )► T/L sends C surjectively to Ti. 
By Lemma [2l8] Ti — C/(i?2 H L) and since T\ is a pro-p tree, by Theorem 12.31 

LC] H2 = Ln H2, where L Ci H2 is the closed subgroup oi L Ci H2 generated by 
stabilizers of vertices in C. Hence replacing H by H2, L by L2 and T by C we may 
assume that 



(6.2) 



T/L = Ti 
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except that H/L = (L/L) x Zp might not hold. But by Theorem l6.2l it is sufBcient 
to change H to a subgroup of finite index that contains L to repair this property 
and by Claim 2 this does not affect the fact that H/L acts irreducibly on Ti. So 
from now on we can assume that 

(6.3) H/L = {L/L) X Zp. 

Thus we have L^^ — l for every e G E{T). Then by Theorem 12.61 

L = {]\L.)]\{L/L). 

Since L is finitely generated all L^ are finitely generated. 

Fix V e V{T). Since M fixes all vertices of Ti we have Lv = Hv. Since 
Hy/ Ly ~ Zp, we have Hy = Ly x Zp. By the minimality of n we deduce that 

Hy is abelian for all w e Vq. 

This together with the fact that M acts trivially on Ti and (|6.3p implies that H 
and L satisfy the assumptions of Lemma 16.31 and by Lemma 16.31 we deduce that 
there is some g € H\L that fixes an edge of T and 

g commutes with L. 

Let I be an element of L such that the image in H/L of the closed subgroup of H 
generated by Ig is M. 

Since M fixes Ti we have for a fixed vertex w of T that 

{lg)v = lyV 



for some ly £ L. Thus Hy = LyYi {ly ^Ig) . Note that by Lemma l673l a acts trivially 
(via conjugation) on L , hence g acts trivially on Ly. On the other hand the fact 
that Hy is abelian implies that ly^lg commutes with Ly. Then ly^l commutes with 
Ly. Since L is a free pro-p product of pro-p groups (one of which is Ly) we deduce 
that ly^l £ Ly because every free factor is self-centralized (see Corollary 4.4 (a) in 
^),solyV = lv. Then 

gv — l^^lyV — V, 
so g fixes every vertex of T. But the action of -ff on T is faithful, a contradiction. 

Case 2. Suppose that L — L. Let U be an open normal subgroup of H and 
V — U DL. Suppose that V — V ior all U (otherwise we can continue as in Case 1 
substituting L with V and H with U). Then L/V = L/V is finite and so stabilizes 
some vertex of the pro-p tree T/V. 

Since CiV = OV = 1 the inverse limit of L/V over V is L. On the other hand 
this inverse limit stabilizes a vertex of T as every L/V stabilizes some vertex of 
T/V. Thus L is in a conjugate of G„_i or A. In the second case L is abelian, hence 
H is soluble and by Corollary 15.51 H is abelian, a contradiction. In the first case 
conjugating if necessary we can suppose that L C G„_i. Consider an epimorphism 

V? : G„ == G„_i Jlc'A^ Gn-i Uc A 

with free kernel, ip induces the identity map on G„-i and an epimorphism A ^ A 
where ^ is a free abelian pro-p group of rank d{A) — 1. Thus ker{ip) HL = 1. Then 
(p{H) = ip{L) X Zp or [<f{H) : <f{L)] < cxd. In the first case H ~ <f{H) is a pro-p 
subgroup of Gn-i lie ^- Note that the weight of G„_i lie ^ is at most n and that 
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d{Gn-i lie ^) < d{Gn-i 11(7 j4), in contradiction to the minimality of {n,d{Gn))- 
In the second case ker{ip) D H ^ Hq is infinite procychc, and H C Nc^{Ho). By 
Theorem l5.ll A^r;' . (Hn) — CG„(-ffo) is abehan, so H is abehan, a contradiction. D 

Theorem 6.5. Let H be a pro-p group from the class C with a non-trivial finitely 
generated normal pro-p subgroup N of infinite index. Then H is abelian. 

Proof. Since A^ is a pro-p group from the class C by Corollary 14.41 N is of type 
FPoo. Then by the main result of [55] there is a finite index subgroup Gq of H 
such that Go contains N and cd{Go/N) < cx). In particular Gq/N is non-trivial 
and torsion-free. 

Let g G Go\ N. The group T = N.{g) is a pro-p group from the class C, so by 
Corollary 14.41 is of type FPoo and T/N ~ Zp. By Lemma l6^ T is abelian and since 
there was no restriction on the choice of g in Gq \ iV we get that N C Z{Gq). By 
Corollarv l5.3I Gn is abelian and by Corollary 15.41 g is abelian. D 

Corollary 6.6. Let H be a pro-p group from the class C with a free pro-p subgroup 
F of rank 2. Then F = Nh{F). 

Proof Suppose that F ^ Nh{F). Let g £ NniF) \ F and define G as the pro-p 
subgroup of H generated by F and g. If G/F is infinite then G is a non-abelian 
pro-p group from the class C with a finitely generated normal pro-p subgroup of 
infinite index, in contradiction to Theorem 16.51 Thus F is open in G and by 
Serre's result [17] G is a free pro-p group. Since F ^ G the Schreier formula yields 
2 = d{F) > d{G), so G is procyclic and F is procychc, a contradiction. D 

Theorem 6.7. Let G be a pro-p group from the class C and H a non-trivial finitely 
generated .subgroup of G. Then [Ng{H) : H] is finite unless Ng{H) is abelian. 

Proof. Suppose on the contrary that Ng{H) is non-abelian and [Ng{H) : H] is 
infinite. Put N = Ng{H) and suppose that N/H is not torsion. Let t G N \ H. 
Suppose first that t has infinite order modulo H (note that we have supposed 
that such t exists). Then the closed subgroup of N generated by H and t has a 
normal closed finitely generated subgroup H and so by Lemma 16.41 is abelian. In 
particular H is abelian. If t has finite order modulo H then by Corollary 15.41 the 
closed subgroup of N generated by H and t is abelian, so [t,H] = 1. Since H is 
non-trivial, by transitive commutativity any two elements of A^ commute, so N is 
abelian, a contradiction. 

Thus we can suppose from now on that N/H is an infinite torsion pro-p group. 
Since if is a pro-p group from the class C by Corollary 14.41 H is of type FPoo ■ 
By Lemma 13.11 every group from the class C has finite cohomological dimension 
and hence every subgroup of a group from the class C has finite cohomological 
dimension. In particular cd{N) < oo. Then by the main result of [28 there is a 
finite index subgroup Go of N such that Go contains H and cd{Go/H) < od. In 
particular Gq/H is torsion-free and hence Go = i?, a contradiction to the fact that 
N/H is infinite. This completes the proof. D 

7. 2-GENERATED PRO-p GROUPS IN THE CLASS C 

Lemma 7.1. Let Q be a non-trivial free abelian pro-p group of finite rank and 
Y be the set of all epimorphisms of pro-p groups tp : Q ^ Qi — Zp. Let (p 
be the continuous ring homomorphism ¥p[[Q]] -^ ¥p[[Qi]] induced by ip. Then 
ri^(zYKer{ip) = 0. 
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Proof. We prove by induction on n the following more general statement. Let R 
be a pro-p ring of characteristic p, R[[ti, . . . , tn]] be the commutative ring of formal 
power series and Qr.u be the closed group generated by {l+ii}i<i<n- Consider the 
set W of all homomorphism of pro-p rings cp : R[[ti, . . . , i„]] — > i?[[ii]] that induce 
an epimorphsim of pro-p groups ip : Qr^u -^ Qr,i- We claim that 

D^^wkerip — 0. 

By writing R[[ti, . . . , t„]] as i?[[i„]] [[ii, . . . , i„-i]] we see that to prove the inductive 
step is sufficient to consider the case n — 2. 

Assume from now that n = 2 and define 6i : R[[ti,t2]] —^ ^[[^i]] by 6*^(^1) ~ ii 
and 9i{t2) = t^ ■ Thus 6*^(1 + ^2) = (1+ti)^ and 9i sends Q_r,,2 surjectively to Qr^i- 
We prove by induction on j the following claim : for ker{9i) ~ {t2 — t\ )-R[[ii,t2]] 

(7.1) ni<,<, fcer(0,) = n ^^''(^») 

Indeed if / is in the left hand side of (17. ip . then by induction / = (ni<i<,-i(^2 ~ 
<f ))/o for some /o G R[[ti,t2\]. Since Ojif) = 0, 6*^(^2 - if) # for 1 < i < j - 1 

and i?[[ii]] is a domain we deduce that /o £ Ker{9j) = (t2 — ^i )^[[ii,i2]]- This 
completes the proof of the claim. 

Finally let / be the augmentation ideal of i?[[ii, ^2]]- By the claim ni<i<jfcer(0i) C 
P and r]j>iP = 0. Thus n,>ifcer(e',) = 0. ~ ~ D 

Lemma 7.2. Let 1— )-F— >G— s-Q— >1 be a short exact sequence of pro-p groups 
with Q non-trivial pro-p abelian torsion-free, G finitely generated and F free pro-p, 
1-generated as a closed normal subgroup of G. Then either G has a pro-p subgroup 
N such that G/N ~ "Lp and N is finitely generated or F/F'PP ~ Fp[[(5]] and so 
there is a free pro-p subgroup Fq of G such that F C Fq, Fq/F ~ Zp and G/Fq is 
torsion- free. 

Proof. Since F is generated by one element as a closed normal subgroup of G 
we have that V — F/F'PP is a cyclic pro-p Fp[[Q]]-module, where Q acts by 
conjugation. 

Suppose first that V is not free as a pro-p Fp[[Q]]-module. Then V ~ Fp[[Q]]// 
where / is some closed ideal in Fp[[(3]]. Let ip : Q ^ Qi =Zpbea surjec- 
tive homomorphism of pro-p groups and ip be the continuous ring homomorphism 
IFp[[Q]] ~> Fp[[(5i]] induced by (p. By Lemma 17.11 r\Ker{ip) — when (p runs 
through all such epimorphisms. In particular there is (p such that (p{I) ^ 0. 
Then F®Fp[[Ker(v)]]Fp ~ {Fp[[Q]]/I)«,Y^[[Ker{v)]]^p - ^piiQi]] / 'f{I) IS finite and by 
Nakayama's lemma V is finitely generated as a pro-p Fp [[iiTer ((^)]]-module. Then 
the preimage N of ker{ip) in G is finitely generated as a pro-p group and G/N ~ Zp. 

Suppose now that V ~ Fp[[(5]]. Take any element q G Q such that the pro-p 
subgroup of Q generated by q is a direct factor in Q. Let g be an element of the 
preimage of q in G. Then the pro-p subgroup Fq of G generated by F and g is free 
pro-p. Indeed V ~ ]Fp[[Q]] is also a free Fp[[((;)]]-module with the basis Z, where 
Z X (g) = Q. Lifting Z to a closed subset Z oi F and translating (i.e. conjugating) 
it by (g) we obtain a closed ((7)-invariant basis X of .F as a free pro-p group where 
the image of X in V^ is {Q}. Then Fq is a free pro-p group with a basis Z U {g}. D 
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Theorem 7.3. Every 2-generated pro-p group from the class L is either free pro-p 
or abelian. 

Proof. Let H he a 2-generated pro-p subgroup of Gn G Gn such that H is not 
procychc. We prove by induction on the minimal number of generators of G„ that 
H is either free pro-p or abehan. The induction starts since the minimal number 
of generators for G„, when H exists, is 2 and in this case Gn is either free pro-p or 
abelian. 

The case n = is obvious since free pro-p groups have only free pro-p subgroups. 
Thus we can assume that n > 1. Let G„ — G„_i lie ^j where A = G x B ~ Z™ 
and G ~ Zp. Let Z? ~ Zp be a direct summand of B and AI = {Ug^c,^Ds). Thus 
Af is the kernel of the epimorphism of pro-p groups f : G„ = G„_i He A -^ 
G„_iUc {A/ D) — L that is the identity map on G„_i and the canonical projection 
A — !■ A/D on A. By Theorem 12.71 M is free pro-p. Note that L is a pro-p group 
from the class £ with less generators than G„. By induction if{H) is either free 
pro-p or abelian. Note that by Lemma l3.1l (/?(ff) is torsion-free. 

1. If (p{H) is free pro-p of rank 2, since H is 2-generated H ~ f{H) and we are 
done. 

2. lf(p{H) ~ Zp we get that H is an extension of the free pro-p group Mq — MDH 
by Zp. We claim that every 2-generated pro-p group from the class C that is free- 
by-Zp is either free pro-p or abelian. Since H is 2-generated Mq is generated as a 
normal closed subgroup of H by just one element. Then for V = Mq/Mq [Mo, Mq] 
we have that y is a cyclic Fp[[(5]] -module via conjugation, where Q ~ H/Mq ~ Zp. 
Suppose that H is not abelian. By Theorem 16.41 Mq is not finitely generated as a 
pro-p group, so V is infinite and hence V ~ Fp[[(5]]. This implies together with 
Lemma W72\ that H \s a. free pro-p group. 

3. If ip{H) c^ Tjp X Zp we have that H is an extension of the free pro-p group 
Mq = A/nff by Zp X Zp. Since H is 2-generated, Mq is generated as a normal closed 
subgroup of H by just one element, namely the commutator of two generators of 
H. Then by Lemma 17.21 either there is a normal finitely generated pro-p subgroup 
of infinite index in H, a contradiction with Theorem 16. 5[ or there is a normal free 
pro-p subgroup Fq of H such that Fq/Mq ~ Zp. In the last case H/Fq ~ Zp and 
we can argue exactly as in the case 2. 

4. If f{H) is the trivial group then if is a pro-p subgroup of the free pro-p group 
Af , so is free pro-p. D 



8. EULER CHARACTERISTIC 

By definition a pro-p group G from the class £ is a closed subgroup of some 
Gn S Gn, hence cd{G) < cd{Gn) < oo. Since G is of type FPoo, see Corollary 14.41 
it has a well-defined Euler characteristic x{G) — So<i<cd(G)(~-'^)*'^*"^ifp^*(^'^p)- 

Theorem 8.1. Every pro-p group G from the class C has Euler characteristic 
X(G) < 0. 

Proof. Let iV be a closed normal subgroup of G such that Q — G/N is torsion-free 
nilpotent and N is free pro-p (see Proposition l4.3p . Let 

P-.O^Pr,,^ P,„-l -^ ...^Pi^Po^Zp^O 
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be a free resolution of the trivial right Zj,[[G']]-niodule Zp with Pi finitely generated, 
say of rank Ui, for all i. Note that 

M'P^zAimfp) = H,{N,¥p) for z > 1. 

Since A^ is a free pro-p group 

(8.1) ff^(^iz,[[Ar]]Fp) = for I ^ 1 

and 



HiiV^z.im^p) = N/[N,N]NP = V. 

Since Q is a torsion- free nilpotent pro-p group and hence of finite rank, Fp[[Q]] is 
a right and left Noetherian ring without zero divisors [21 Cor. 7.25]. Then Fp[[Q]] 
is an Ore ring and has a classical ring of quotients, denoted by K. Note that the 
abstract tensor product (8)^ [[Q]]-^ is an exact functor and 

V ®w,[[Q]] K ~ i/i(7'®z^[[jv]]Fp) ®F,[[Q]] K 2± iJi((P§z^[[jv]]Fp) ®f,[[q]] K) ~ K' 

for some non-negative integer z. Then using that {Pi®z [[n]]^p) ®¥ [[q]] K ~ K""^ 
and (|8.ip we get 

X(G) = ^(-l)'a, = ^(-l)V*mKi/^((7'®z^[[jv]]Fp) ®F,[[Q]] K). 

i i 

Note that since — (^jr rrQii iC is an exact functor it commutes with homology, hence 

H^iiP®z^[[N]]¥p) «)F,[[Q]] K) ~ (i/,(Pgz^[[^r]]Fp)) 0F,[[Q]] K. 



Then 



X(G) = 5](-l)M*mK((i?»(P§z,[[iV]]Fp)) ®F,[[Q]] i^) 
-d«mK(-ffi(7'®Zp[[jv]]Fp) ®Fp[[Q]] K)^ ~z< 0. 



D 



Theorem 8.2. Let G be a pro-p group from the class C that is free-by-abelian and 
such that its Euler characteristic x{G) — 0. Then G is abelian. 

Proof. Let F be a closed normal subgroup of G such that F is free pro-p and 
Q = G/F is abelian. By going down to a subgroup of finite index if necessary we 
can assume that G/F is torsion-free. By the proof of Corollary 18.11 x{G) — ~z 
where dimK{V 0^ [[q]] K) — z, V = Hi{F,¥p) and K is the abstract field of 
fractions of Fp[[Q]]. Since x{G) = we have that z = and V ®Fp[[Q]] K = 0- So 
the annihilator annf [[Q]]iV) = / is non-zero. By the proof of Lemma l7.2l there is an 
epimorphism ip : Q -^ Qi ^ Zp such that Fp[[(5]]// is finitely generated as a pro-p 
Fp [[ii'er ((y9)]]-module. Then V is finitely generated as a pro-p Fp[[ifer(iy9)]]-module. 
Let M be the preimage of Ker{(p) in G. Then M is a normal closed subgroup 
of G, M is finitely generated and G/M ~ Zp. By Lemma [6.41 G is abelian. D 
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9. Open questions 

Here we list possible properties of the pro-p groups G from the class C. 

1. def{G) > 2 if every abelian pro-p subgroups of G is procyclic and G itself 
is not procyclic, where def{G) = dimp H^{G,¥p) — dimp H'^{G,¥p) denotes the 
deficiency of G. 

2. Every finitely generated subgroup of a pro-p group from the class £ is a virtual 
retract. 

3. The Euler characteristic x(G) = if and only if G is abelian. In the particular 
case when G is free-by-abelian this holds by Theorem 18.21 

4. The Howson property: the intersection of any two finitely generated pro-p 
subgroups of G is finitely generated. 

5. G is residually free pro-p. 

6. G is residually torsion- free pro-p nilpotent. 

Note that 5 implies 6. For abstract limit groups a stronger version of 5 holds as 
abstract limit groups are fully residually free. In the abstract case property 4 was 
proved in [6], 3 in [12], 2 in [29]. Property 1 follows by induction on the height h 
of an abstract limit group: one uses the fact that a freely indecomposable abstract 
limit group of height ft, > 1 is the fundamental group of a finite graph of groups 
with infinite cyclic edge groups such that at least one vertex group is a non-abelian 
limit group of height < /i — 1 [I] Lemma 1.4]. The definition of height of an abstract 
limit group can be found in [TJ Section 1] and differs from our notion of weight by 
allowing almost all surface groups as height zero limit groups. 
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